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\0 ■ Abstract 

O; 

^D I The masses of positive [70, 0"^] and [70, 2^] nonstrange and strange baryons are calculated in 

}^' the 1/Nc expansion. The approach is based on the separation of a system of Nc quarks into an 

^: 

.^ • excited core and an excited quark. The previous work for two flavor baryons is now extended to 

00 , include strange baryons, to first order in SU(3)-flavor breaking. We show that the extension to 



m 



Nf = 3 maintains the regularities previously observed in the behaviour of the linear term in Nc, 

J^ ■ of the spin-spin and of the spin-orbit terms. In particular the contribution of the spin-dependent 

(N' 



o 
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terms decrease with the excitation energy, the dominant term remaining the spin-spin term. 
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I. INTRODUCTION 

The large Nc limit of QCD suggested by 't Hooft |l| and the power counting rules of 
Witten ^ lead to a consistent perturbative l/N^ expansion method to study baryon spec- 
troscopy, which allows to compute l/N^ corrections in a systematic way. A perspective on 
the current research status can be found, for example, in Ref. J3l|. The method is based on 
;he result that baryons satisfy a contracted spin-flavor algebra in the large N^ limit of QCD 
^, which reduces to SU(2A^/) for ground state baryons, where Nf is the number of flavors. 
For Nc —> oo the baryon masses are degenerate. At large N^, the mass splitting starts at 



ing to the 56 repr( 



ongjtp the 56 representation 
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order 1/Nc for the ground state baryons (N = band). They be^ 

of SU(6), and have been described with remarkable success J4, 

plicability of the approach to excited states is a subject of current investigation. Although 

the SU(6) symmetry is broken for excited states, the experimental facts suggest a small 

breaking, which then implies that the 1/Nc expansion can still be applied. In this case the 

splitting starts at order A*"^ , as we shall see below. 
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et ( N = 1 band) have been studied 
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. The approach has been 



extensively in SU(4) {Nf = 2) [Hi 
extended to Nf = 3 in Ref. J2l| and it included first order in SU(3) symmetry breaking. 
There are also a few studies of the physically important multiplets belonging to the N = 2 
band. These are related to [56', 0+] in SU(4) 22], to [56,2+] in SU(6) 2J and to [70,£+] 
in SU(4) l2J]. The method had also been applied to highly excited nonstrange and strange 
baryons [25| belonging to the [56,4"*"] multiplet (N = 4 band). So far, configuration mixing 
has been neglected in the N = 2 band. It would involve new parameters under the form of 
mixing angles which, to be well determined, would require, generally, much more than the 
existing data. However the power counting for configuration mixing is quite well established 

The 35 SU(6) generators are 
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where i = 1,2,3 and a = 1,2, ...,8. For excited states the mass operator is a linear 
combination of S\]{2Nf) and S0(3) scalars with coefficients to be determined from a fit. 
They incorporate the dynamics of quarks and it is important to understand their behaviour. 
Operators which break SU(2A/), but are rotational invariant, can also be added to the mass 



operator. They embed the SU(3)-flavor breaking, due to the difference in the mass of the 
strange and nonstrange quarks. The general form of an SU(6) x S0(3) scalar is 

O" = ^Of ■ Otl (2) 

c 

where O) is a fc-rank tensor in S0(3) and Ogp a /c-rank tensor in SU(2), but scalar in SU(3)- 
flavor. This implies that O" is a combination of S0(3) generators li and of SU(6) generators 
(see below). In calculating the mass spectrum, the general procedure is to spht the baryon 
into an excited quark and a core. The latter is in its ground state for the N = 1 band but 



generally carries some excitation for N > 1 (for example the [70,^''"] multiplet 2J|)- The 
excitation is implemented into the orbital part of the wave function. The advantage of this 
method is that the problem is reduced to the known case of the ground state, because the 
spin-flavor part of the core wave function remains always symmetric. But a disadvantage is 
that one introduces a large number of operators of type 0- Let us denote the excited quark 
operators by £^, s*,t" and (?*" and the corresponding core operators by £*, Sl,T^ and G]^. 
Then, for example, for the [70, 1~] multiplet with Nj = 2 one has 12 linearly independent 
operators up to 1/Nc power included |l5l |. 

In this practice the matrix elements of the excited quark are straightforward, as being 
single-particle operators. The matrix elements of the core operators 5* and T° are also 
simple to calculate, while those of G*" are more involved. Analytic group theory formulas 
for the matrix elements of all SU(4) generators have been derived in Ref. [27|. They are 
factorized according to a generalized Wigner-Eckart theorem into a reduced matrix element 
and an SU(4) Clebsch-Gordan coefficient. They have been used in nuclear physics, which 
is governed by the SU(4) symmetry, but can be straightforwardly be applied to a system of 
arbitrary iVc quarks containing the isodoublet u, d. Recently we have extended the approach 




of Ref. [27[ to SU(6) J28| and obtained matrix elements of all SU(6) generators between 
symmetric [Nc] states. These matrix elements are used below. The matrix elements of G]^ 
with nonzero strangeness presented in Ref. 29| are particular cases of the results of Ref. 

We should keep in mind that the excited states are resonances and have a finite width. 
Generic 
to Ref. 



arge Nc counting rules give widths of order N^ [ll|, |l3|, |lj, |l6|, |20|, |30|. According 
ll| the narrowness of the excited states is an artifact of simple quark model as- 
sumptions. Here, as in constituent quark models, we do ignore the finite width and treat 



the resonances as bound states. 

The paper is organized as follows. In the next section we recall the orbital structure of 
the wave functions of the [70,^'*'] baryon multiplet. Section 3 is devoted to the formalism 
of the mass operator. In Sec. 4 we present results for the masses of 47 nonstrange and 
strange baryons, most of which are predictions. The last section contains our conclusions. 
Appendix A is devoted to the operators O3, O4 and to the isospin operator Oq which are of 
order 0{N^). The first two are operators for which the matrix elements change the analytic 
form as a function of N^, when going from Nf = 2 to Nf = 3. Appendix B gives the general 
formula for the matrix elements of SU(3)-flavor breaking operators needed to construct Bi, 
B2 and i?4. Appendix C gives the matrix elements of the spin-orbit operator O2. 

II. THE WAVE FUNCTIONS OF [70, £+] EXCITED STATES 

For the time being, we adopt the usual practice and divide the system of N^ quarks into 
an excited quark and a core, which can be excited or not. Below we use the notations given 



in our previous work J2j|. We introduce the quark model indices p and A to distinguish 
between the two independent orbital wave functions of the multiplet [70, £"*"]. The first 
is associated with states which are antisymmetric under the permutation of the first two 
particles while the second implies symmetry under the same permutation. Then, for £ = 
the orbital wave function is 

|Ne - 1, 1,0+),,A = sl\\[N, - 1, lU{^sf\^s)) + ^|[iV, - 1, l],,,(0.)^-2(0p)^). (3) 

In the first term Is is the first (single particle) radially excited state with n = 1, £ = 
(A^ = 2n + 1). In the second term the two quarks are excited to the p-shell to get N = 2. 
They are coupled to i = 0. By analogy, for £ = 2 one has 

|Ne - 1, 1,2+),,, = ^m - 1, lU{0sr^-\0d)) + ^\[N, - 1, l],,,(0s)^-2(0p)2), (4) 

where the two quarks in the p-shell are coupled to i = 2. One can see that the coefficients 
of the linear combinations Q and Q are independent of N^ so that both terms have to be 
considered in the large Nc limit. In Eqs. Q and (^ the first term can be treated as in the 
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sectorjie. as an excited quark coupled to a ground state core 
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I8L II9L l2flL l21j . The second term will be treated here as an excited quark coupled to 



an excited core. To see this, we rewrite it by using the fractional parentage technique to get 

'""^-HOprHmiOs), (5) 



both for i = and 2. Here all states are normalized. The first factor in each term in the 
right-hand side is a symmetric [Nc — l)-particle wave function and 0[i] is a one particle wave 
function associated to the A'^^-th particle. One can see that for large N^ the coefficient of the 
first term is 0{1) and of the second 0{N^ ' ). Then, in the large Nc limit, one can neglect 
the second term and take into account only the first term, where both the core and A^c-th 
particle have an £ = 1 excitation. 

Each of the above configurations (Os)^'=~^(ls), (Os)^''~^(0(i) or (Os)^''~^(Op)^ represent 
orbital parts of a given total wave function. We denote by iq and ic the angular momenta of 
the excited quark and of the excited core respectively. They are coupled to a total angular 
momentum L Then in SU(6) x S0(3) the most general form of the wave function is 
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with p = I if Sc = S - 1/2 and p = 2 a Sc = S + 1/2 and 
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where p' = 1 if (XcfJ^c) = (A — l,Ai), p' = 2 if (Xcfic) = (A + 1,/U — 1) and p' = 3 if 
(Ac/ic) = (A,/i + 1). The spin-fiavor part of the wave function (0) of symmetry [Nc — 1, 1] 
results from the inner product of the spin and fiavor wave functions. The indices p and 
p' represent the row where the last particle (the excited quark) is located in the Young 
diagram of SU(2)-spin and SU(3)-fiavor states respectively. Thus the coefficients c' J" ' (S) 



are isoscalar factors 
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In Eqs. (jlU|) - (jl3j) below, we illustrate their application for Nc = 7. In each inner product the 
first Young diagram corresponds to spin and the second to fiavor. Accordingly, one can see 
that Eq. ^ stands for ^10, Eq. (HH) for ^8, Eq. (O for ^8 and Eq. (0 for ^1. Each inner 
product contains the corresponding isoscalar factors and the position of the last particle is 
marked with a cross. In the right hand side, from the location of the cross one can read off 
the values of p and of p. The equations are 

4'i'' I I LM X MM ' '' ' , (10) 
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For the configurations (Os)^''~^(ls) and {Os)^''~^{Od) the expression ^ slightly simplifies 
because £c = 0. Only for the configuration (Os) ''"^(Op)^ the core is excited with £c = 1, in 
agreement with the discussion following Eq. (0). 

III. THE MASS OPERATOR 



For the [70, i~^] multiplet the mass operator can be written as the linear combination 

6 

M[7o/+] = E CiO^ + diBi + d2B2 + d^Bi, (14) 



j=i 



where the operators Oi are of type © and Bt are SU(6) breaking operators defined below. 
The values of the coefficients q and di which encode the QCD dynamics, are given in Table 
ID They were found by a numerical fit described in the next section. 

The building blocks of Oi and Bi are the excited core operators i],, S**, T^ and G]^ and the 
excited quark operators t^, s\ t"" and (?*". We also introduce the rank k = 2 tensor operator 

m 

^ab' =2 I '*' ''] ~ o"« -i^a ■ ^b, (15) 

with a = c, b = q OT vice versa or a = 6 = c or a = 6 = g. For simplicity when a = 6, we 
use a single index c, for the core, or q for the excited quark so that the tensor operators 
become iy'^^ and i^^'''^^ respectively. The latter case represents the tensor operator used in 
the analysis of the [70, 1~] multiplet (see e.g. Ref. |l5l|). 

There are many linearly independent operators Oi and Bi which can be constructed from 
the excited quark and the core operators. Here, due to lack of data, we have considered a 
restricted list containing the most dominant operators in the mass formula. The selection 
was determined from the previous experience of Refs. [l5| and J2J] for Nj = 2 and of Ref. 
[2l| for Nf = 3. The operators Oi entering Eq. (|TH) are listed in Table HI Oi is linear in Nc 
and is the most dominant in the mass formula. At A^c — ^ oo is the only one which survives. 
O2 is the dominant part of the spin-orbit operator. It acts on the excited quark and is 
of order N^. The operator O3 is a composite two-body operator. It contains the tensor 
operator (fT3|) which acts on the excited quark and the generators g^"' and G^"' acting on the 
the excited quark and on the core respectively. The contribution of G^" sums coherently, 
thus it introduces an extra power in Nc, which implies that the matrix elements O3 are of 
order N^. For the same reason the matrix elements of O4 are also of order A*"^. As explained 
in the next section, we could not obtain its coefficient C4, because of scarcity of data for the 
[70, i'^] multiplet. The spin-spin operator O5 is of order l/N^, but its contribution dominates 
over all the other terms of the mass operator containing spin. 

Here we take into account the isospin-isospin operator, denoted by Og, having matrix 
elements of order N^ due to the presence of Tc which sums coherently. Up to a subtracting 
constant, it is one of the four independent operators of order A^, which, together with Oi, 
are needed to describe the submultiplet structure of [70, 1~] j22i- Incidently, this operator 



has been omitted in the analysis of Ref. 



21| . Its coefficent Cg is indicated in Table HI 



In Tables |IT1 IIIII and IIVI we show the diagonal matrix elements of the operators Oi for 



octet, decuplet and flavor singlet states respectively. From these tables one can obtain the 
large Nc mentioned above. Details about O3 are given in Appendix A. Its matrix elements 
change the analytic dependence on Nc in going from SU(2) to SU(3). This happens for octet 
resonances which can be seen by comparing the column 3 of Table HTl with the corresponding 



result from Ref. [2^. The change is that the factor N^ + I in SU(2) becomes Nc + 1/3 in 
SU(3). The same change takes place for all operators Oi containing G^" as for example the 
operator O4 also presented in Appendix A. 



The SU(6) breaking operators, Bi and B2 and B4 in the notation of Ref. J2l|, expected to 
contribute to the mass are listed in Table HI The operators Bi, B2 are the standard breaking 
operators while B4 is directly related to the spin-orbit splitting. They break the SU(3)-fiavor 
symmetry to first order in e ~ 0.3 where e is proportional to the mass difference between the 
strange and u, d quarks. Table V gives the matrix elements of the excited quark operator 
tg and of the core operator T^ which are necessary to construct the matrix elements of Bi 
and B2. These expressions have been obtained as indicated in Appendix B. It is interesting 
to note that they are somewhat different from those of Ref. [2l| . However for all cases with 
physical quantum numbers but any N^ our values are identical to those of Ref. |21|], so that 
for A^c = 3 there is no difference. 

For completeness. Table IVll gives the matrix elements of 3tg^^ needed to construct -B4. 



They were obtained from the formula ()B3|) derived in Appendix B. As above, they are 
different from these of Ref. 2l| except for physical quantum numbers. Unfortunately none 
of the presently known resonances has nonvanishing matrix elements for B4. By definition all 
Bi have zero matrix elements for nonstrange resonances. In addition, the matrix elements of 
B4 for £ = resonances also cancel and for the two remaining experimentally known strange 
resonances they also cancel out. For this reason the coefficient d^ could not be determined. 

IV. RESULTS 

Comparing Table I with our previous results Ref. J2J] for nonstrange baryons, one can 
see that the addition of strange baryons in the fit have not much changed the values of 
the coefficients ci and C5 (previously C4). The spin-orbit coefficient C2 had changed sign 
but in absolute value remains small. The resonance Fo5(2100) is mostly responsible for this 
change. But actually the crucial experimental input for the spin-orbit contribution should 
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come from A's, as in the case of the [70, 1~] multiplet 21|. Unfortunately data for the two 
flavor singlets with ^ 7^ 0, ^A'[70, 2^]5/2 and ^A'[70, 2^]3/2, which are spin-orbit partners 
are missing (see Table rVTT|) . If observed, they will help to flx the strength and sign of the 
spin-orbit terms unambiguously inasmuch as O3, O4 and O5 do not contribute to their mass. 

Presently, due to the large uncertainty obtained from the flt of C2, there is still some 
overlap with the value obtained from nonstrange resonances. The coefficient C3 is about 
twice smaller in absolute value now. Interestingly, the present values of the coefficients ci, 
C2 and C5 follow the trend discussed in Ref. J2J], namely the spin-spin and the spin-orbit 
contributions decrease with the excitation energy, the dominant part remaining the spin-spin 
term, similar to constituent quark model results with a hyperflne interaction. 

Regardin g th e SU(3) breaking terms, the coefficient di is has opposite sign as compared to 
that of Ref. j2l| and is about four times larger in absolute value. The coefficient d2 has the 
same sign and about the same order of magnitude. One can conclude that the SU(3)-flavor 
breaking is roughly similar in the [70, 1~] and the [70, i^] multiplets. 

The resonances belonging to the [70, i^] together with their calculated masses are pre- 
sented in Table IVIII The angular momentum coupling allows for 8 octets, with J ranging 
from 7/2 to 1/2, three decuplets with J from 5/2 to 1/2 and three flavor singlets with J = 
5/2, 3/2 or 1/2. Ignoring isospin breaking, there are in all 47 resonances from which 12 are 
fltted and 35 are predictions. The best flt gave Xdof — -'-• Among the presently 12 resonances 
only flve are new, the strange resonances. This reflects the fact that the experimental sit- 
uation is still rather poor in this energy range. The known resonances are three-, two- and 
one-star. 

For all masses the main contribution comes from the operator Oi. In the context of a 
constituent quark model this corresponds to the contribution of the spin-independent part 
of the Hamiltonian, namely the free mass term plus the kinetic and the conflnement energy. 
A difference is that, this contribution is constant for all resonances here, while in quark 
models the mass difference between the strange and the u, d quarks is taken into account 
explicitly in the free mass term. Here this difference is embedded into the flavor breaking 
terms Bi . 

The spin-orbit operator O2 naturally contributes to states with £ 7^ only. The operator 
O3 contributes to states with S = 3/2 only. For S = 1/2 states it gives no contribution 
either due to the cancellation of a 6j coefficient or when the wave function has ^c = 0, as 



for example for flavor singlet states. 

We have analyzed the role of the operator O4 described in Appendix B. This is an operator 
of order N^, like O2, O3 and Oq. As in Refs. jlSf and 2l|, the combination O2 + O4 is of 
order l/N^ for octets and decuplets, but this is no longer valid for flavor singlets. It means 
that the operators O2 and O4 are independent in SU(3) and both have to be included in the 
fit. However, the inclusion of O4 considerably deteriorated the fit, by abnormally increasing 
the spin-orbit contribution with one order of magnitude. Therefore the contribution of O4 
cannot be constrained with the present data and we have to wait until more data will be 
available, especially on strange resonances. 

To estimate the role of the isospin-isospin operator Oq we have made a fit without the 
contribution of this operator. This fit gave Xdof — 0-9 aiid about the same values for Cj 
and di as that with Oq included. This means that the presence of Oq is not essential at the 
present stage. 

The fitted value of the A^(1990)Fi7 resonance slightly deteriorates with respect to the 
SU(4) case. The reason is the negative contribution of the spin-orbit term. Further analysis, 
based on more data, is needed in the future, to clarify the change of sign in the spin-orbit 
term. 

Of special interest is the fact that the resonance A(1810)Poi gives the best fit when 
interpreted as a flavor singlet. Such an interpretation is in agreement with that of Ref. 34| 
where the baryon spectra were derived from a flavor-spin hyperfine interaction, rooted in 
pseudo-scalar meson (Goldstone boson) exchange. Thus the flavor-spin symmetry is common 
to both calculations. Moreover, the dynamical origin of the operator O3, which does not 
directly contribute to A(1810)Poi; but plays an important role in the total fit, is thought to 
be related to pseudo-scalar meson exchange |l5|. Hopefully, this study may help in shedding 
some light on the QCD dynamics hidden in the coefficients q. 

V. CONCLUSIONS 

The present results confirm the behaviour of some of the coefficients Cj of the mass formula 
at large excitation energy, observed previously [24]. This shows that the importance of spin- 
dependent terms of the mass operators vanish with the excitation energy. At any energy, 
these terms are dominated by the spin-spin contribution, like in constituent quark model 
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studies. Thus the 1/Nc expansion can provide a deeper understanding of the successes of 
the quark models. 

We have also found that the SU(3) breaking corrections are comparable in size with 
the l/Nf. corrections, as for the [70, 1~] multiplet [21] which successfully explained the 
A(1520) - A(1405) splitting. 

The analysis of the [70, t^] remains an open problem. It depends on future experimental 
data which may help to clarify the role of various terms contributing to the mass operator 
and in particular of O2 and O4. The present approach provides the theoretical framework 
to pursue this study. 

APPENDIX A: THE OPERATORS O3 AND O4 

Here we derive analytic expressions for the matrix elements of the operators O3 and O4 
in SU(6). The compact form of O3 is given in Table IJ 
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O3 = — £f ■^^V^Gf. 
Writing the scalar products in an explicit form we have 
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with i,j = 1,2,3 and a = 1,2, ...,8 and where r^'^^ is defined in Eq. (II 5|) . The matrix 
elements of the tensor operator are 
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The other basic ingredients are the matrix elements of the operators q*" and Gi"". As ex- 
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plained in Ref J2S|, we have 
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where the SU(3) isoscalar factors are from Ref. J35| and the SU(6) isoscalar factors can be 
found in Table 1 of Ref. |28| . The final formula for the matrix elements of O3 between states 
of mixed orbital symmetry [N^. — 1,1] is 

{iS'- J J,; {Xfi)YIh\03\iS; J J,; iXfi)YIh) = 
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where the coefficients Cp^? ' (5*) are given by Eqs. Q. We recall that Sc = S — 1/2 for 
p = 1 and ^c = ^ + 1/2 for p = 2 and by analogy S'^ = S'- 1/2 for g = 1 and S'^ = S' + 1/2 
for q = 2. Also (XcfJ'c) = (A — 1,/i) for p' = 1, (Xcfic) = (A + 1,/i — 1) for p' = 2 and 
(Xcftc) = (A,yU + 1) for p' = 3 and an analogous situation for (A'^/x'^) = (A — 1,/i) if q' = 1, 
{X'^fx'c) = (A + 1, /i — 1) if g' = 2 and (X'^fJ^'J = {X, fi + 1) if g' = 3. 
When applied on the excited quark the operator O4 reads 21j 
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Writing the scalar products explicitly we have 
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The matrix elements of t" are 
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Inserting the above expression and the matrix elements of G^^ , Eq. ()A5|) . into ()A7|1 one 
obtains 
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x{2i+l)^£,{£, + l){2i, + l) 



-q ^c '-q 



x^/^(iV,-l)(iVe + 5)(25 + l)(25' + l) \^ \^ 



SN,'l,l](Q\ANc-l,l](Q> 



E Q"^''{S)<^-'^^^{S')J2S^+l{-^ 



Sr^ 1 S 



^ , , ^ \Nc-l\ [21' 

p=l,2 \ [XcficjSc (11)1 



[^^c - 1] 

(AX) '5' 



(AlO) 



The unitary Racah coefficients U, defined according to Ref. [35|, which are needed to 
calculate ()A6|) and ()A10|) have been obtained as in Ref. [28'. Their explicit forms are 



t/((A - 1, ;t/)(ll)(A/x)(10); (A + 1,/i - 1)(10)) 

t/((A + 1,/i - l)(ll)(A/i)(10); (A - l,/x)(10)) 
f/((A,/x+l)(ll)(A/^)(10);(A,/i + l)(10))p=i 

[/((A,/x+l)(ll)(A/i)(10);(A,/i + l)(10))p=2 
f/((A - l,/i)(ll)(A/i)(10); (A - l,/i)(10))p=i 

[/((A-l,/x)(ll)(A/.)(10);(A-l,/.)(10)) 
[/((A + 1, /i - l)(ll)(A/x)(10); (A + 1, /i - l)(10))p=i 



3(A + 2)/i 
2^2(A + l)(/i + l)^ 



3A(A + /i + l) 

2^2(A + l)(A + /i + 2) 
A + 2/i + 8 



3A(A + 2)(/^ + 3)(A + /i + 4) 
4^ (/x+l)(A + /i + 2)^A,^+i ^ 
2A + /i - 2 



3(A + /i)(A-l)/i(/^ + 2) 
"=' ~ 4^(A + l)(A + /i + 2)(7A-i,; 
A — /i + 5 



4v/fl'A+l,M-l 



[/((A + l,fi- l)(ll)(A/x)(10); (A + 1, /^ - 1)(10)),=2 
1 3(A + /i + l)(A + /i + 3)(A + 3)(//-l) 



"4\ 



where 



(A + l)(/i + l)5fA+i,^_i 

fl'A/x = A^ + /x^ + A/x + 3A + 3/i. 



(All) 



(A12) 
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All U coefficients, but the 4th one, are of order 0{N^) which can be seen by inserting A = 25* 
and /i = Nc/2 — S. This helps in finding the order of the matrix elements of O4. 
The matrix elements of Oq are given by the product of l/Nc and 



2 h^u{{x,fi,){n){Xfi){ioy, (a,^,)(io))i 



:-i)T.[c?;-''Hs) 



(A13) 



pp 



where the (-1) sign results from a phase entering the symmetry property of SU(3) Clebsch- 
Gordan coefficients [36]. This is 



(10) (11) 
YI YT 



(10) 
Y'l' 



6 



^/+7"-7' 



/ 



(11) (10) 

yaja yj 



(10) 

Y'l' 



(A14) 



where ^1 = —1 in this case. The same property has also been used in the calculation of the 
matrix elements of O3 and O4. A simpler alternative is to calculate the matrix elements of 
Oq by using the identity 



t.T, = -{T'-T^-t') 



which gives 



{iSJJ,- {Xfi)YIh\t^T^\iSJJs; {Xfi)YIh) = l\gx,-Y. [cZr'''\S)f g,^^,^ - 4 (A15) 



pp 



The formulas ()A13|) and ()A15|) give identical results. 



APPENDIX B 



Here we reproduce the general formulas [28[ of the matrix elements of the fiavor breaking 
operators tg, Tg and t^g^^ which have been used to generate Table IVl and IVII These are 

{iSJJs;{X'i2')Y'I'I'^\T!\iSJJ3;{Xfi)YIh) = SvY'SirSj,!- J2 Cpp'{S)cpp,iS) 



3Y, I (A,/i,) (10) 
yi 



Y,J^,y,i 2v3 \ YJ, 



(A/i) / (A,/i,) (10) 
YI I I YJ, yt 



(AV' 
YI 



(Bl) 



{iSJJ,;iX'fi')Y'rr,\f\iSJJsiXfi)YIh) = 6yY'6n'6i,n E CppiS)cpp>iS) 
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E 



3^ [ (Ac/ic) (10) 



Yc,Ic,y,i "^^ "-" \ Yclc 



(A/x) / (Xcf^c) (10) 
YI I I YJ, yi 



(AV 



and 



1 i] { J i S 

1 5' £ 



q ^c ^q 



X{2i + l)^iq{iq + 1)(2£, + 1)^(25 + 1){2S' + 1) 

X E (-i)^^c[;r^'^k^)4^-^'^i(5' 



Sy ( (Ac/^c) (10) 



S' 1 5 
1/2 Se 1/2 



%.£.2v^l rj, 



(A^) / (Ae/ic) (10) 

>^/ j i Yj, yi 



(Av: 



(B2) 



(B3) 



To obtain Tabl e IVl and EH we have used the Eqs. for the coefficients c J ' and 



[Afc-1,1] 



Table IV of Ref. 



37[ for the isoscalar factors of SU(3). From their expressions one can 
find that all these coefficients and isoscalar factors are of order N^. Then it follows that 
for states with spin and strangeness of order A^^, the matrix elements of Tg are of order Nc 
because Yc = Y -y,Y = Nc/3 + S so that Y^ ~ A^'^. 



APPENDIX C 

For completeness here we give the matrix elements of the spin-orbit operator O2 ■ They 
are a generalization from SU(4) [15| to SU(6) and refer to an excited core with i^. ^ 0. 



{i,s) = Sj,j6j>j,6y^6^,^6y,YSri6r^i,{-iy^'/'+'''^'^J-i2S + 1)(2S' + 1) 



x^{2e + l)(2f + !)£,{£, + 1)(2£, + 1) 



-g ^c ^q 



J S' S 

X y: i-i)-'^c,,pis)c,.,{s') {III 



PP P 



- S, - 
2 2 



(CI) 
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where 5'c = 5* — 1/2 for p' = 1 and 5'c = S" + 1/2 for p' = 2 and similarly S'c = S"' — 1/2 for 
/ = 1 and Sc = S' + 1/2 for / = 2. 
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TABLE I: List of operators and the coefficients resulting from the fit with x^j^f ~ 1.0. 



Operator 



Fitted eoef. (MeV) 



Oi = Ncl 



02 = £y 



03 = — 4'''''s'"Gr 



c\ = 


556 ± 11 


C2 = 


-43 ± 47 


C3 = 


-85 ± 72 



04: 



% id /^%a 



iVc + l 



'fG 



1 



05 = — (S^S^-Hs'S^) 



C6 ^ 



253 ± 57 
-25 ± 86 



B, = r - 



B2 = T« 



2V3Afc 

A^n-l 



Oi 



2V3Af< 



■Oi 



dx = 365 ± 169 



d2 = -293 ± 54 



B4 = 3<9'« - ^02 



TABLE IL Matrix elements for octet resonances. 




Oi O2 O3 O4 Or, 


Oe 



■*8[70,2^ 

28[70,2^ 
■'8[70,2^ 
■'8[70,0^ 
^8[70,2^ 
■'8[70,2^ 
^8[7O,0^ 
■'8f70,2^ 






2 
3 

2(2Afe - 3) 
9Nc 
1 
~9 



2Arc-3 



3Nc 

2 
~3 





3Nc + 1 
ISA^c 



5(3Afe + 1) 
36Afc 










7(3Afc + 1) 
367Vc 



2(3Arc + 1) 



5 
2iVc 



Afc-13 



12Ar| 
JVe-13 

12Afc 
A'c-13 



9(Nc + 1) 2Nc 12Nc 

4{Nc + 3)i3Nc - 2) Nc + 3 N^ - 4Nc 
27N4Nc + l) 

3Nc + l 
27(Nc + 1) 



2(Afe + 3)(3Afe-2) 

9Nc{Nc + 1) 
2(3Afe + 1) 
%Nc + 1) 


3iVc + l 



4Af2 
5 

2We 

5 

2^1 l2Nc 

Nc + 3 N^ - 4N, 



12NI 
Nc~ 13 



4JV2 

5 

iiVc 12Afc 

Nc + 3 N^ ~ 4N, 



3(Nc + 1) 



47V2 
5 



127V| 
Afc-13 



12Afc 
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TABLE III: Matrix elements for decuplet resonances. 





Oi 


O2 


O3 


04 


O5 


Oe 


2l0[70,2+]- 


Nc 


2 
~9 





2(3N^ + 7) 
27{Nc + 1) 


1 

We 


Nc + 5 
12Nc 


2l0[70,2+]- 


Nc 


1 
3 





3Nc + 7 
9{Nc + 1) 


1 
Nc 


Nc + 5 
12Nc 


2l0[70,0+]i 


Nc 











1 

TTc 


Nc + 5 
12Nc 



TABLE IV: Matrix elements for singlet resonances. 



Oi O2 O3 O4 O5 Oe 



2l[70,2+]- 


A'c 


2 
3 











2l[70,2+]- 


A'c 


-1 











2l[70,0+]i 


A^c 















6Nc 
Nc + 5 

GNc 
Nc + 5 

&Nc 
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TABLE V: Matrix elements of tg and Tg as a function of Nc, the isospin / and the strangeness S. The off-diagonal matrix elements have 
{S = -1, / = 1) or {S = -2,I = 1/2) for ^Sj - ^lOj and (5 = 0, / = 0) for ^Sj - ^Ij. 

*8 Tj? 



O 



2„ iVc^ + [5(5 -S) + 41(1 + 1) - l]Af2 - 3[S{2 - S) + AI(I + 1) - 2]Afc + 95 N^ + (35 + l)Af3 + [(S(S + 1) - 4/(7 + 1) - 2\N'^ ~ 3[5(5 + 1) - 4/(7 + 1) + 2\Nc - 95 

5 J 



"8j 

2lOj 



28j - "^Wj 



^8,/-2lj 



2v^Afe(Afc-l)(Afc + 3) 
2Arc - 4/(7 + 1) + 5(5 + 4) + 1 





4V3(Afc - 1) 
2Afc + 47(7 + 1) -5(5 -8) -5 


-2Af2 - 


aV^{Nc + 5) 
- 2(35 + l)Nc + 127(7 + 1) - 35(5 + 2) + 3 




2v^(Arc + l)(Afc+3) 
/^ / iV.+3 




V 3Y iVc(iVc-l)(Afc + 5) 
3(7Vc - 1) 





27V2 + 2(35 


lV?.Nc(Nc - l)(Afc + 3) 

- 2)Nc + 47(7 + 1) - S{S + 10) - 1 




aVz{Nc - 1) 

27V2 + 2(35 + 4)Afe - 47(7 + 1) + S{S + 22) + 5 


m 


+ 3(5 + 2)iV2 + 


4v^(iVc + 5) 
(185 + ^)Nc - 127(7 + 1) + 35(5 + 5) - 3 



2V^(Nc + l)(Nc + 3) 
2 



2VN'c{Nc + 3) 



Nc+Z 



3 V Nc{Nc-l)(N^ + b) 
3(7Vc - 1) 



2VN'c{Nc + 3) 



TABLE VI: Matrix elements of the term 3f c/** of B^ 



3£'c/'' 



28[70, 2^ 

"'8[70,2^ 

''8[70, 0^ 
28[70, 2^ 

'*8[70, 2^ 

^8[70, 0^ 
"'8[70, 2^ 
2l0[70, 2+ 
2l0[70,2+ 



2Afc- 4/(7 + 1) +5(5 + 4) + ! 



2 2v^(Afc - 1) 

5 4Aff + 4/(7 + 1)(9 + Nc(7Nc - 12)) - 9(5 - 1)^ - N'^{S - 1)(75 - 19) + 12Afc (5(5 - 5) + 1) 



^10[70,0+]- 



6v^Arc(Afc-l)(Afc + 3) 
2Afe - 47(7 + 1) + 5(5 + 4) + 1 
12A/3(iVc - 1) 



4Af3 + 47(7 + 1)(9 + NrATNc - 12)) - 9(5 - 1)^ - Afg(5 - 1)(75 - 19) + 12Afc(5(5 - 5) + 1) 

2Afe- 47(7 + 1) + 5(5 + 4) + ! 
2^(Nc - 1) 



Vz{2Nc - iljl + 1) + S{S + 4) + 1) 

4(A^c - 1) 

2Nc + 47(7 + 1) - 5(5 - 8) - 5 

6V3{Nc + 5) 
2Nc + 47(7 + 1) - 5(5 - 8) - 5 

eVsiNc + 5) 





2 



1[70, 2^ 
^1[70, 2^ 
^lf70, 0^ 



3 + 127(7 + 1) - 2Nc{Nc + 1) - 35(5 + 2Nc + 2) 
/3(Afe + l)(Afc + 3) 
V3(3 + 127(7 + 1) - 2N4No + 1) - 35(5 + 2Nc + 2)) 
2(7Ve + l)(Arc + 3) 
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TABLE VII: The partial contribution and the total mass (MeV) predicted by the 1/Nc expansion. 
The last two columns give the empirically known masses. 



Part, contrib. (McV) 



Total (MeV) Exp. (McV) Name, status 



ciOi C2O2 C3O3 C5O5 cijOii diBi d-iB-i 



*Af[70,2+]- 


1667 


-29 


16 


211 


7 








1872 ± 46 


2016 ± 104 


Fi7(1990)** 


''A[70,2+]- 















254 


2125 ± 72 


2094 ± 78 


Fo7(2020)* 


*E[70,2+]- 












-211 


85 


1745 ± 95 






^=[70, 2+] I 












-105 


423 


2189 ±81 






2Ar[70,2+]- 


1667 


-10 





42 


3 








1703 ± 29 






2a[70,2+]^ 












-105 


169 


1766 ± 26 






2e[70,2+]^ 












-105 


169 


1766 ± 26 






^=[70, 2+]^ 












-211 


338 


1830 ± 58 






*JV[70,2+]^ 


1667 


5 


-39 


211 


7 








1850 ± 44 


1981 ± 200 


Fi5(2000)** 


4a[70,2+]^ 















254 


2104 ± 39 


2112 ±40 


Fo5(2110)*** 


4e[70,2+]J 












-211 


85 


1724 ± 111 






^=[70, 2+]^ 












-105 


423 


2167 ±54 






*Af[70,0+]- 


1667 








211 


7 








1885 ±17 


1879 ± 17 


Pi3(1900)** 


4A[70,0+]^ 















254 


2138 ± 42 






4S[70,0+]^ 












-211 


85 


1758 ± 100 






4h[7O,0+]^ 












-105 


423 


2202 ± 56 






2Ar[70,2+]- 


1667 


14 





42 


3 








1727 ±31 






2a[70,2+1- 

L J2 












-105 


169 


1790 ± 29 






^S[70,2+]^ 












-105 


169 


1790 ± 29 






^=[70, 2+]^ 












-211 


338 


1854 ± 59 






*W[70,2+]^ 


1667 


29 





211 


7 








1914 ±33 






4A[70,2+]^ 















254 


2167 ±41 






*S[70,2+]^ 












-211 


85 


1787 ± 103 






4h[70,2+]^ 












-105 


423 


2231 ± 56 
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Part, contrib. (MeV) 



Total (MeV) Exp. (MeV) Name, status 



ciOi C2O2 C3O3 C5O5 ceOe diBi ^2^2 



^N[70,0+]- 1667 
^A[7O,0+li 

2E[70,0+]- 



■'H70,0^ 



42 3 1712 ±27 1710 ± 30 Pii(1710)*** 

-105 169 1776 ± 24 

-105 169 1776 ±24 1760 ± 27 Pii(1770)* 

-211 338 1839 ±57 



''7V[70,2+]- 1667 43 55 211 

4A[70,2+li 



''S[70,2+ 
4=:[70,2+ 



7 1983 ±26 1986 ± 26 Pii(2100)* 

254 2237 ± 57 

-211 85 1857 ±90 

-105 423 2301 ± 68 



2A[70, 2+1- 1667 10 84 

L : J2 

,5 



2^/ 



E'[70,2^ 
2h'[70,2^ 



"n[70, 2+1- 

L : J2 



-6 1756 ±32 1976 ± 237 ^35(2000)** 

-105 169 1819 ± 46 

-211 338 1883 ± 77 

-316 507 1946 ± 113 



2A[70, 2+1- 1667 

L : J2 

,3 



2^/ 



E'[70,2^ 
2h'[70,2^ 



^^[70, 2+1- 

2 



-14 84 -6 1731 ± 35 

-105 169 1795 ± 48 

-211 338 1859 ± 78 

-316 507 1922 ± 113 



2A[70,0+1- 1667 84 

L : J2 

,1 



2s'[7O,0+l 



2h'[7O,0^ 



^^[70,0+1- 

2 



-6 1746 ±31 1744 ±36 P3i(1750)* 

-105 169 1810 ±45 1896 ± 95 Pii(1880)** 

211 338 1873 ± 77 

316 507 1937 ±112 



2A' 


[70,2+1^ 


1667 


-29 








11 


-105 


169 


1713 ±51 






2A' 


[70,2+1^ 


1667 


43 








11 


-105 


169 


1785 ± 62 






2A' 


[70, 0+1 i 


1667 











11 


-105 


169 


1742 ± 40 


1791 ± 64 


P(,i(1810)*** 
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